The notions of input-containing and detectability subspaces are developed within the context of observer synthesis for two-dimensional (2-D) Fornasini-Marchesini models. Specifically, the paper considers observers which asymptotically estimate the local state, in the sense that the error tends to zero as the reconstructed local state evolves away from possibly mismatched boundary values, modulo a detectability subspace. Ultimately, the synthesis of such observers in the absence of explicit input information is addressed.
Introduction
Controlled invariant subspaces were originally introduced by Basile and Marro (1969) to solve decoupling and tracking problems for one-dimensional (1-D) systems. These subspaces were subsequently studied by Wonham and Morse (1970) . Conditioned invariant subspaces for 1-D systems were also introduced by Basile and Marro (1969) , as the duals of controlled invariant subspaces. The role of such subspaces in solving state estimation problems was first investigated in Basile and Marro (1969a) . Later, conditioned invariance was studied by Willems in terms of the existence of a class of observers Willems (1981) . Specifically, for any conditioned invariant subspace S that can be externally stabilised by output-injection, there exists an observer that asymptotically recovers the state modulo S; see also the textbooks (Basile and Marro, 1992, Chapter 4) and (Trentelman et al., 2001, Chapter 5) . Unlike the classic Luenberger observer, this class of observers does not directly exploit the input in reconstructing the state. The relevance of this for problems in fault-detection and isolation is well established, (Massoumnia 1986; Verghese et al. 1989) .
Over the last twenty years, several extensions of important geometric concepts, such as controlled invariance, have been proposed for 2-D systems, including the so-called Fornasini-Marchesini and Roesser models, (Conte and Perdon 1988; Karamancioglu and Lewis 1990, 1992) .
While definitions of controlled invariance are not difficult to establish for FornasiniMarchesini models, definitions of conditioned invariance are less obvious because duality cannot be exploited as in the 1-D case. The definitions of conditioned invariance in Karamancioglu and Lewis (1990) , Karamancioglu and Lewis (1992) have the disadvantage of being defined for models with very special structures; that is, with duality properties absent in the case of the standard Fornasini-Marchesini model. In Conte and Perdon (1988) , a definition of conditioned invariance is proposed for the standard (first order) Fornasini-Marchesini model (Fornasini and Marchesini 1978) , governed by
The definition of conditioned invariance in Conte and Perdon (1988) is related therein to the reconstruction of local state trajectories given a record of the output, in the case of exact knowledge of the boundary conditions for (1). The problem of local state estimation with decaying error in the case of unknown boundary conditions has not been considered. Motivated by this, we develop a systematic procedure for the external stabilisation of conditioned invariant subspaces via output injections. This will lead to a notion of 2-D detectability subspaces, i.e. conditioned invariant subspace that can be externally stabilised by output injection. An algorithm for computing a stabilising output injection matrix is also provided in terms of matrix inequalities. The approach is similar to Ntogramatzidis et al. (2008) , where internal stabilisability of output-nulling controlled invariant subspaces is studied. Ultimately, the notion of a detectabilty subspace is linked to the existence of a local state observer
It is required that the size of the estimation error e i, j def = Q x i, j − ω i, j asymptotically approaches zero as i + j → ∞, for some full row-rank matrix Q and arbitrary boundary conditions for x i, j and ω i, j .The local state observer (2), like its 1-D counterparts defined in Willems (1981), does not exploit knowledge of the input. As such, it is structurally different from the Luenberger-type 2-D observers discussed in Bisiacco (1986), since its local state does not explicitly depend on the input u i, j . For more details on the synthesis of 2-D observers, see also Kaczorek (1992) , Kaczorek (2001) and the references therein. As an important application of the concepts described above, we present a solution to the so-called unknown-input observation problem for the standard 2-D system model (2), based on a sufficient constructive condition given in terms of a standard subspace inclusion. The relevance in fault detection and non-interaction are well known, (Bisiacco and Valcher 2006,a) . In Bisiacco and Valcher (2004) , a polynomial approach is employed to develop necessary and sufficient conditions for the solution of this problem under the requirement that the observer error exhibit dead-beat dynamics. The conditions involve Bézout equations, which can be difficult to solve. In this paper, the unknown-input observation problem is considered under
